
Let's keep working on Quantum well
,

but extend our

Van
analysis from eigenstates

to

i
general

States
.

" Eigenstates
:

~ A  -2

I - at . Yacht ) =JzsinfN¥) e-
 " " wot

;

L X

En -

- III. N
'

i Wo - Eze = It
.

In
general ,

one can

express
a

state of quantum
well as :

Xcx ,
t ) = In

,

dnynlx.tt i ycx.tl satisfy Schrodinger

gratin .

Normalization
: follyexit)Idx = I

= f ! II
,

tnyncxt ) . dmymcxitsdx

= IEEE
,

Liam So
"

Yicxit ) Ymcxit) dx
.

We know that Yncxt ) is normalized
,

so when am
, Jj → f!ynTdx= I



when men
, So

'
us fishnet)siymzxjdx

Use : sinasrnp =  Itasca -

p
) -

ascap
) 9

f =
 d- fo 't cost HmL -

cost I ) dx

when n - m to
,

ht m to
,

fol cos = o
.

:
. f -

- o when n 't m .

fo
'

YE ymdx = 8mm : True for all eigenfunctions .

i
.

I ' fo
'

141 'dx= In
,

diam . 8mm = .FI/dnl2-- I
.

Normalization condition : In
,

HI
'

=L
.

Now Let 's work on the simplest non -

eigenstate
:

a
superposition of ground

state and first excited stale :

4.Exit
) = ¥4 ,

exit ) t ¥ ya Hit )

= JIL since) e-
 '

'

wot tf sinfzaxz) e-
woot

And we ask ourselves with the same fustian ,
what is

cxs
,

ax 's
, cps , ep

's ?



I
. position .

Individually , 4. exit ) has
average position

at ex >
,

=
 to

ya Cx
,

t ) also has
emerge position at ex >

a  =  Lz
.

Can
you predict

C Xyz ? Is it at ?

Actually ,
no

.

It is not
.

So this is like the box
experiments

in the first class
.

You think

in a classical
way , you get

the
wrong

answer .

Let's look at t -

- o

4.
.
d x

,
t -

- o ) = JIL ( sin
+

sin
2¥ )

Can
you plot the wave function

?

: sued .
Interpreter

Similar to Young 's double split experiment
.

< X >
in

should be smaller than ÷ at t -

- o
.

So it's at the left side of the potential well
.



But how is that possible
? Our

potential
well is

symmetric
.

There will be a conflict here if the particle prefer to
stay

at

one side of the potential well
.

So there's
only

one possible way
to resolve this conflict .

That the particle is
moving

.

It will move from left to right,

right
 to left ,

and on

average ,
it

spends same amount of time

on the left and right .

Let's see if this is possible .

At f- t
'

= I
Wo

'

Xcx ,
t ) = JI sin e-

I

'

wot

sinzaxz e-
4iwot

⇒

ycx.tt/F-fIsinaxztfI
sin

t  
=

⇒ I .

" ÷::::::S.

"

::
the

right
side of the potential well

.



So CX )
, ,

,
is a function of time !

47
,

a
= fo

"

yixttxycxttdx

= I . fo
'

( sin etiwottsinzaxeiwt) x ( Sinay e-
 '

'

wot

t sin ettiwotjdx
.

= I fo
'

{
xsinkxz-xsinzaxtxsinaxzsinzzxfesiwot.ie?iwot)ydxL

d d
~ LX )

,

n CX ? a

7 7

=
 kg + IT f

-

2xsin sincosswotdx
O

= Lz + 2as3qot f! xsinxxzsinoxxdx

Use : sinasinp
-

- Itasca- p ) - ask tph
=

 f- + concoct fixas dx - fix as 3¥ dx )
I

d

I fix dsinxx

- fo
'

# xdsinsax

= ¥ xsinaxhi . # pin oh,

=  ¥ sin '¥f
'

t sin
.

dx

-  

t.im#li..oaias...g--iEassI4i=¥,

=
- 2L

'

Tu



.

'

.
LXS

, ,z= at t

as3wotf¥
t ¥ f- )

=
 I - 1¥,

as 3 wot
.

Verify : at t -

. o ; ex >
in

-

- Lz -

16¥
c I v

at t=w÷ ;
ex >

n
- Lz + 16¥ > I ✓

.

Take
away

: Interference matters !

Question . since oxy ,
is function of time :

can we define velocity as data> in
?

And then Ips= m .

deff ?

Is it possible
?

Let's do some
analysis

: six -

- e"-e
2 i

ycx.tt = g wt_e¥iw + eie¥x y
.Zi

Xcx ,
t ) is

composed of four eigenstates ,
thko

,
Iztko

.



According to
postulate

: 4 -

- EY dnpyn
,

< p5=EKn.pl
'

. Pn
.

=
 iz Chik .  

- tkotzhko - shik )

= o .

; ko -

- I
L

Is this correct ?

Actually no
.

The condition for this
postulate

is that

Yn is orthonormal
.

ftp.iyp.mdxwfo-e-inkox.eimkoxdx-fjeicm-nkxdx

.

When m - n is odd number
,

the
integration

is not zero
.

fo
'

et¥ dx = f!
coszxzdxtifo.sn#dx--Esiionaxli-iEas*yi

It

zit

I
.

Yn is not orthonormal in ( o
,

L )

What about previous
lecture ? That's

just a happy
incident

Where A-  - M
, So M - n -

- 2M
,

it's an even number
,

so the fyixmiyndx =o when m= - n
.



verify ops = fo
'

4*154 DX

=

, thyf! ( sin

etiwotysinuuxetihlwot

) ( sin e-
 

iwottsinzaxeitwot ) dx

= it fo

"

( ) I zoos e-
 

iwottz as e-
 ' " wit ) DX

= it § I sinzxaszx + ¥
sin ase- is wot

1- z sin as e'
' wot

t uz sinuate as .

-

} DX

Use
:

sinaasp-sincatptzs.nu#-I3wot

- i3 wot
= it fo

'

I sihzzxt I sin 3¥ e - Isin '¥ e

+ I sinks e
" wot

+ sin etis wot
t IL sin I 4¥ ) ) DX

.

2 L L 2L

We know : fo
'

sinaxzdx =

- Iasaxzfo
'

= ¥ C - I - I ) = ¥
.

fo
'

sin dx =  ¥ as ¥4! = o

fo
'

sin dx = -3dg as 3¥ If = ¥ C
- I -

I ) = 2¥
So

'
sin 4¥ dx = ÷ cos 42¥ I ! = o

.



i. Lps = ¥
,

{ j e-
is wot

-

2 e-
But

+ lgeiswot + etiswot }

=
 this { e¥wt ) xzi

Zi

= 8¥ sinkwot ) .

< Is = Lz - 16¥ ask wot )

M . dcd = 1-147,1×3 Wo sine wot ) = lbmzlzjwosincswot )

Use : Wo = Eye = It
.

midgets = 16,7¥ . }mi÷ . sinswot = ft sin C swots
.

Interesting : m . dgu = Cps .

The classical definition of momentum works when
taking

Average
values in fhantum system

.

Later in this class
,

we will show this is a simple version

of Heisenberg egnatia of motion
.



Additional
reading

:

If the initial condition is Xcx,
to ) = fix ,

,

then the
way

to solve Xcx ,
t )

,

cxs
, Cps

is :

fix ) = II dnynlx.tt/t..o
.

⇒ Joinanfcxsdx= Eafidnynixndx
Use orthonormal of Ym

, Yu ,

fjynifcxsdx -

- I
,

an . 8mm

⇒ an -

- fi ynicxtosfcxsdx .

Use this method
, you can find all the coefficient ,

and then

Use the
previous

method for superposition
States to calculate

an
, cps at time t

.

Example : fix ) = 8 Cx - I ) put electron at the center
.

Not normalized
.

Notice : fix, must satisfy B. C
. fcx.es

-

- fcx=L )
-

- o
.

Otherwise it is not a valid wave -

equation
.



More on solving Schrodinger equation :

Real
quantum

well & Continuous
wavefunction condition

We know that in reality ,

there is no inifity deep potential well
,

maybe except
black hole

. . .

111114M

K A real quantum well
usually

looks

f
4/11/11y y

like this : two uneven potential .

O
- -

.  - thy,
Pi

, x

o L There are special tricks to solve this

type of problem ,
and for simplicity ,

we just
let Viso

. ,
VEVO

.

pv
I
,

One side infinite potential well
.

I Vo
4

I 11111

t t We want to solve Xcx , so that we

4 '

t
, , , ,
,9

, ,

,¥→
×

can know the behavior of the electron
.

O L

Schrodinger equation
:

{ Things.

thx ,Hex .tt =  ihztycx.tl

⇒ Iztimnitvcxifyncx) -

- Enynlx )

van .

.

g :; a

Vo
,

x > L
.



Intuitively ,
or from classical physics ,

we know that if
En > Vo

,
the electron will have

enough energy
to

escape from
the potential well

.

So there exists two solutions
, yncx) at Ens Vo

; Ymcx) at Em > Vo
.

We will show this in the calculation .

For each of these three
regimes , we know the solution O

time -

independent Schrodinger equation
.

10
.

Ko
,

V → w

, 41×3=0 ,
at X - o

.

I
.

0 excl
,

V -

- o ;

Yncx) = Enyncx )

Yncx ) -

- sinJf x or as
x

30
.

at X > L
,

V=Vo

It's Thus t Vortex)
-

- Enya x )

⇒ ;h÷g÷yix -
- En- Vo) Yncx )

.

Notice : for En - Vo > o
,

the solution is similar :

yncx ) = siyT¥ x or osI x



But for En - Vo so F gives complex number It -

-

i

We can cheek  :

°jYn× =MVojII 4ms

→
so .

The solution to this is :

yncx , = e-
×

,
or

et ×

.

Both cases are interesting -

Let's look at En - Vo so first .

The solution at x > L is
travelling

waves
.

So electron can

escape
:

÷. :÷:m÷.so.htinft.gs
't

electron
. . .

We will focus on
In - Vo co

.

Introduce : antinous condition for wavefunction .

Xcx ) must be continuous
,

otherwise 3¥ → is
.

they must be continuous
,

otherwise j¥→w .

I exception
: f - function

potential well )



-2¥ t¥ t Vanya ) = En,ycx,

d

must be
"

finite finite finite

Solutions in three
regime

is connected by antinous condition
.

*" =

{ a
!iyE¥×+bas÷¥x

;
o . xd

t
c e-

F¥t
+ de ; x . L

.

B. C
. we know the electron is confined ,

so Heyl
'

→ o at x→w
.

:
. D= o .

Continuous condition : YnCx=o ) = o ; So b=o
.

YNCX) =
xco

§! sin
x

o excl

c e-

x > L
.

b- '

Un know
parameters : a

,
c

,
In

.

Need 3 equations .

From homework
you

will show 4nA ) can always
be real

,
so

we pick a
,

c to be real number .



Continuous
equation

to : Yal * L
. ) = YnCx=L+ )

a sin L = a e-
FtL ①

2°
. 321 ( x=L

. ) = 3¥ ( X -

- Lt )

ZX ox

⇒ a as L =
- cj . e-

TITEL ②

30
.

Normalization of probability :

J! lyncxstidx -

- a

⇒ f! a' sin xdx + f! c
'

e-
×

dx
= ,

③
-

We care mostly about En
,

the
energy .

We can do ① /①

But let 's first do a physics analysis .



4 I 4
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I Vo
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4 Us
.
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I

4/1
It ' 4 I
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,
I 4
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I
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211

which has higher energy for En ? C Enc Vo )

Take an extreme cases for A- I
, ground state

,

if Vo
 → o

,
it's half open

.

So the
ground

state will have

infinitely long wavelength
Cto

keep
its

energy
how )

.

Frei → O
.

When Vo → w
,

it evokes into infinite potential well
.

And Ere
,

to o
.

In
general ,

In No ) will change continuously
with

parameter
Vo

,
so we can

guess
:

In No ) a In
,

as long as En - Vo
.

As En is smaller
,

the electron should have longer wavelength .

~
→ →

- - .



Use ① /② :

sin L
I

-
=

-

-_

L jmwf

⇒ tan L = - Five,
i.

Difficult to solve
.

.
.

At von
. ¥i→ . .

.

i
. JT⇒ L -

-
Na

En -

-

Nath
⇒

i
same as previous

.

When Vo decrease from infinity , right
- hand side decreases

So : L a ; End
.



e-
x

Tunneling
:

Tunneling depth : x
.

-

- I

- 141×3140 Xo -

- Entente
.

Classically , if Ena Vo
,

there is zero probability of finding the

electron outside the
potential

well
.

However
,

in quantum mechanics
,

this
probability

is no longer Zero
.

You can find electrons outside the
potential well

.

But this is actually
not

magic ,
all waves can do tunneling

In EM - wave
,

it is called evanescent wave
.

It 's widely used

in fiber optics .

We have tens of evanescent wave angler in our

lab .

-
.T

' "I / You can tunnel from me side to

f Vo f another
,

even with Endo
.

I it "
I 4

I t.nl
/
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" t I I I l

lil


