
Addition to Postulate 7 I general claim )

Given a wavefunction 4=24 , -1/342  , 4 ,

and 4h

perfectly normalized
,

and fifty,
dx -

- o l Orthonormal )

-

You can derive PostulateThe probability of the
system

is in 4 '

is HT
. 12from this one . . .

Noted: why need orthogonal ?
-

ikixniwt
, eikrx

- iwt

If y ,
cat ) = eik " ' iwt

; y ,

-

- e-J2

Yrcx ,
t ) contains

components from 4 , ,
then the probability of

the
system

in 4. exit ) = eikx - iwt
is not xp anymore ,

it becomes Idt
.

Similar rules in hectors : C x
, y ) denote a vector .

C = ( ai
,

o ) t car
,

b
. ) i We can 't

say
the value of

X in vector C is ai
,

unless Az
-

- o
,

which make these
y

two vector perpendicular 5€,→

a ,

x

£5474 .
dx -

- o is the mathematical
way of saying

two

f functions are perpendicular to each other .

Inner product
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The definition of  inner product comes from linear
algebra .

Inner product of Jib = ( Xi
, y, it , ) . C Xz

, yr ,
Zz )

= Xixzt y , Yet ZIZZ

If x
, y ,

2- can be
complex

number
,

then a→*.b→

You can
expand

this into continuous function :

In Prod ( 4,4×1, yacx) ) = Yicx , ) . Xix , ) -147 cxd.yixdtyfcxss.Y.ci , )t .

. .
. .

⇒ fi 474 .
dx

.

This is after called Hilbert Space

Note 2 : How do
you

do the measurement ? wave - function is not

Something you can measure
.

Again y= deikx -  '

'

hot
+ peik

" -  '
'

hot

dy ,
+ p y ,

We can measure momentum of the
system

. If the momentum

is Hq
,

then
correspond

to y ,

Later we will talk more about measurement .



Operator and Schrodinger equation .

Let's take a closer look at plane wane
,

as the

superposition of plane waves can describe
any

wave function .

This time we also include
'  '

time
"

.

XCX ,
t ) = eikx - iwo

For this plane wave
,

we know its momentum is

p -

- Ak -

- ha ;

We know the
energy

is

E- Aw
.

We also know the
energy

is :

E- film t Vix ) ;
Vox) -

- o for simplicity .
. . .

. .

Now to obtain the momentum of the plane wave
,

we can

look into ikx in the waveform ,
but we can also

apply an operation of the plane wave :

÷hz×ycx ,
t ) = ¥ zgeikx-iwt-hkeikx-iwt-py.cat ,

-
-

operator
number

.

P

.

We call ÷ ¥ =p is the momentum

operator
.



* Definition : If §ycx,
t ) = pycx.tt ,

where
p

is a number
,

operator
Xcx ,

t ) is an eigenstate of momentum
,

and p is an
eigenvalue

of momentum
operator

"

The name
,

"

eigen
"

comes from linear algebra ,

where if

At . X = XX
,

M is matrix
,

X is vector
,

X is a number
,

then X is an

eigenvector of M
.

* physically ,
what does

eigenstate mean ?

The
eigenstate of p ,

has a well-defined momentum
.

Every time
you

measure the momentum of this
eigenstate , your

measurement value will be the
eigenvalue, logo .

So : y ,
Cx ,

t ) = eiktx
- '

'

wt
is

eigenstate ,
momentum : tnk

,

Ycxit ) = dy , cx.tjtpydx.tl = aeikix -

iwttpeikzx
- iwt

is not an
eigenstate of p .

§4cx ,
t ) = thk

,

eikx-iwttphk.eikzx-iwt-hckideikix-iwt-kz.peikrx.int
)

=/ nnpgpglaeikix-iwttpeikrx.int)

t pycx.tl .



It makes sense as ycx ,
t ) = try ,

Cx
,

t ) tpyacx,
t )

has some
uncertainty

in momentum
.

tik
, or Kkr

.

* In
general

: A is an operator ,
d is a number

,

y Cx
,

t ) is a wave -

function ,

If A' ycx.tt = aycx.tt ,
we say

ycx.tt is the
eigenstate of A

,
a is the

eigenvalue of A
.

2
. position operator

: it turns out position operator
is just E- X

.

And its
eigenstate

is 8 - function .

( We are not
digging

into this
,

it is rather complicated in math )
.

3
.

Next thing we want to get from a plane wave :

Energy :

-hw ;

ycx.ty.eikx.int: follow the same idea
,

we have :

I Xcx ,
t ) = iffy( eikx - iwt ) =iht-iwjeikx-iwth-weikx.int

= E . eikx - iwt
.

It looks like : it 2 is the
energy operator

.

at



But
,

there's also another
way

to write down
energy

:

E = zp +
VCI ) = A C Hamiltonian )

de

d
kinetic

energy potential energy .

Interesting : How about
just

let
energy equals to

energy
?

& ttycx ,
t ) = ihzfycx.tl

And this is Schrodinger equation
.

This equation must  be right , as its
energy

=

energy
.

But whether
you

can solve
something useful from it is yet

to be proved .

Side note : similarly , you can write down the quantum wave
egestion

in
relativity :

In
relativity ,

we have :

-

E -

- J

mic't
t p

'd ; E
'

= mic 't
t p' c

'

I
rest

energy
' Kinetic

energy
"

So : Ey -

- like)
'

y ⇒ ( mid - tidy ) Y -

-

- tizzy



⇒ ( mo - Iz.
+ faze)4 exits -

- o
.

"÷÷:÷÷÷÷:÷÷÷÷÷÷÷r÷I
Your coordinate : ( x

, y,
Z

,
ict )

- - - - - -
-

-

Now let 's
backup a little bit and extract some

general postulate from above :

Postulate 4 :

Every observable attribute of a
physical system

C
e.g. momentary

position , angular momentum and
energy .  . . ) is described by an

operator
that acts on the wavefunctions that describe the

system
.

t

Hermitian :

extension 4. I

for every operator ,
there are special States that are not

changed C

except by a constant factor ) by
the action of an operator ,

Aya = aya
.

Ya is the
eigenstate and a is the eigenvalue

.



Note :p: what does Hermitian mean ? In physics ,
it means

the
eigenvalue of this

operator
must be real

.

In mathematics form ,
it means

^ n

f YE #4.) dx =/LAY y ,
dx i 4 , y .

are
any

two functions .

Another name for Hermitian operator is self -

adjoint operator

This is adjoint operator of Ah
,

is defined as :

J t At 45×4 ,
dx = fyi A' y ,

dx
.

i
.

At = A for Hermitian
operator . ( Ajoint of I is A itself )

It's rather complicated to establish the connection between the physics

picture and the mathematics picture . .  - Need serious linear algebra .

Homework : show f = hi # is Hermitian
operator ,

where yer can

write 4 , *ftp.fjyygeikxdk ; Yim -

- ¥ fj Thick ) eikxdx
.



Note 2 : Because the
operator of an observable attribute is

Hermitian ,
there exists a set of eigenfunctions ya

, n
,

where

4am are orthonormal to each other
.

§ YI
, n

,

' Ya
,

n ,

DX = Sn
, ,

no  i 8=1
,

When n ,
-

- na

= O
,

when nifna .

Simple proof : C no degeneracy )

I Yan
,

.

A Ya.nu#=ftA4a.m5.Ya.n.dx
"

fya.tn,

Anita
,
mdx = Jani Yai

.

. Ya
,

nidx

It

am fyiiimygmdx = am . f yin ,
Ya

,
mdx

⇒ fan.
- an

, ) fya.tn . Yan
.

dx =o

If an # am I two different eigenvalue ,
then f4g*n

,

. Ya ,mdx=o .

If Ane Am
,

we then have the freedom to choose

4am ,
and ya ,

n ,

such that
they are orthonormal C Not

Important in this class )
Example : eikx is eigenfunction of p .

eik "

and eik "
are orthonormal : feick'  

- Ht dx ⇒

When kit Ks
.



postulate 5 :

The time evolution of a quantum system obeys Schrodinger

efhhtim !

pyycx ,
t ) = ihzfylx.tl i

t -

- Em + Vani 9=7 Fx
.

postulate 6 : The only possible result of the measurement

of an observable A is one of the
eigenvalues of the

corresponding operator
A

.

This is the
origin of

"

fhantum behavior "

. Absolutely necessary .

Example I : In electron double - slit
experiment ,

we are
measuring

observable

x , position .

The
corresponding operator

is I
, eigenvalue is

xo
,

eigenstate
is blx - Xo ) .

Result : individual electron is resolved
.

I a n
-

- 6

Example z :

"

Indirect "

measurement :

)
€ FEI

,

Hydrogen atom
spectrum

: the photon fgeeny had
- ne

und
tells us the

energy difference of each
a-

n -

- i

eigenstate .
In this case ,

we are measuring

observable energy ,
E

,
the

corresponding operator
is it

,

eigenvalue
is En l with arbitrary zero point )

,
and eigenstate is

yn ,
where Ayn -

- Enyn .



Postulate 7 : when
measuring

an observable A on state 4 ,

the probability of obtaining eigenvalue
an is given by Ldn

,
.

,
where

is

y = I An Ya
, nhe  I

7 .

I :

any
The

expected
value when

measuring
an observable Am state Y

,

is A

< A > = fy*A . ydx .

It Expected value :

Simple proof : CAS = I pnan ; Pn -

- Hnl
'

is the
probability of an

As 4am is orthonormal to each other

14*474)dx = JEE an
'

ya!- ( A dm 4am) dx

= JE

di
yin

. am E. dm 4am dx

- E. ¥
,

hi am am f Yai . 4am dx

= EYE
,

din dm am 8mm = TE
,

I dnt . an
.

This is a
very useful equation

.

Homework : calculate momentum for certain wavefunction .



Extension of

7.2Immediately after the measurement of A with a result of
an

,
the state of the

system
becomes Yan

.

Comment
: This is

necessary ,
as this is the

only way
that

when
you repeatly measure one

object ,
it

gives you
the same

measurement result -

Note : Postulate 7 and postulate
2 can

actually
be

combined
.

* These are all the postulateswe need for fuemtum mechanics
.

It's
your job to

get super comfortable with them through homework

practise ,
such that yin

don't have to think about them when
you

use them i just like f
-

- ma )
.

& Simple version : wave function Xcx ,
t ) describe the system ,

it follows
A ycx ,

t ) = ihzfycx.tl Schrodinger equation
. One cannot measure ycx ,

t ) ,
but

only measure physics attribute ex , p, E . . . )
,

each attribute correspondsto a Hermitian

operator
A

.

A has a set of eigenfunction Ayn = an Yn ;

Wave - function can be
expressed as linear combination of yn

4=37
,

An Yn ;
When measure A

,
one can only get eigenvalue an

,

with
probability

of lamp
.

The expected value for A is LAS = fytttydx
.


