
Week 2

Wave efuatim from Maxwell question

Start with : ppa=o ;
J→=o

.

oxE→= - NI
st

0xB→= MNI
st

Standard procedure :

ox coxes =
. IKB = - no ftp.

Let's have D→= GERE + PI
'

RHS :  = -µEer . GTE - uotfmfy

LHS : Use a math efnation
:

oxcox # = one 's - FE
'

.

0=8×3 + ejsfy + €3 .= ( Fx , Fy , ⇒
02¥ = ( oo ) # =P÷*tFgt¥⇒E .

HE 's =

⇐By , ⇒ ( ÷Fxt÷gEyt÷zEt )



transverse

0€10
. True for plane wane E eiiwttikt ;

×

And also true for the sum of plane waves .

* One can proof that OCOE 's is much smaller than

all other term is the
equation .

Therefore ,
we have :

TE
'

- meoeroyfta =µtIE÷ tx )

In Linear
regime , PIi=o ,

Start with easiest wane :

Transverse wave :

*ages
Fheeiphngtiangaotinmetiodnnicsmperpendiauario

/ t

¥ = ( EH
,

0
,

0 )
→Y FE '=lo÷*to÷g+3÷yE

'

= IF
Reduce equation to :

gEIz - Meer MEI =o
.

Standard wave - equation .

Solution is EIEXE
. cosht.kz )

where yais the frequency ,

K is the wave . near defined as

ke ,E=¥,=Y¥=¥=÷



plug this back
, using :

÷ jtgaslax )off . asinax ) =
- oicosax

- K ' E
'

+ eager . W
' .E=o

.

:
.

K =µoJErw = Wq

.
: C =

-r ⇐ .

= To i  The = In i

.

'

. Er = N
.

Important to remember
,

k2=hoEoErW2 ; we will
keep using

this result to

simplify equations
in this class

.

Continue Io next
page

:

:
 y



Nonlinear Regime

,⇐#I→
Given Etzeo )

,
Solve E

'

( z  =L )

-7 We will have plane wane
again ,

but :

E
'

= next

#
Eiwttikcte; we only calculate one part ,

and add c. c
.

C. c. :

Complex conjugate .

02¥
=z÷E=e^xgz(

a. Ea , . Eiwttikttik Easeiuttiky .
.

= ( zlzitcz ) Eiwttiktt ikgzzateiwttikt
+ ikz.tt#.eiwttikt.kEcz)Eiwttikttc .c.) £

,

LHS : 02€ -

µeoerg÷gE→

= §× { -

Kialegee
iwttikz

=O

+ eiwttiktsfgzu, + zikeiwttiktzstcz , }
.

+ c. c .

LHS :
 =

Eiwttikt
{ In Eu ) + zik÷EH } t c. c

.



"

Slow
varying amplitude approximation

"

Question
, tjt¥t vs

. kpeyzay,

which is larger ?

E  = Ecz ) as ( wt - kz )
d d

envelope
wave

.

At
any given

time t
, a regular wave would look like this :

Eight
.

a-⇒

This is the scale

for askt change from L :

length scale for Ecz ) to
change

Maximum to zero from maximum to zero

:  
. k←s } coslwt . kz )

lq c→ patch .

Approximation : if the amplitude variation is much slower than
the wave oscillation

,
then : iffy < < K Myth

.



Apply this approximation to LHS :

LHS = zik Eiwtti
↳

sea ,
Tz t C

.

C
.

If there are multiple fngaeney components .

then :

Elt ,z ) = § Ejczjeiwjttikjz + c. c
.

LHS = ziyz kjeiwttikit 5tglz¥ + c. c
.

RHS :  = µipI
of

Question : what is PIP ?

Microscopic point of PII .

→ E
' of =

-

p
'

a |o¥-| D= EERE 't p→
.

dipole

- Unit of F : EE
'

neo . plate ~ E÷

What dipole can do ? p→= N . c IP >

keep in mind : p→ is a

"

field
"

induced by dipoles .



- 9- r H
.

o

"

tipoff
→

E ?

In molecule
,

or atom
,

so r is

very
small

,
smaller than

nm
.

( the size of atmy molecule )

Calculate E
generated by dipole at the distance

d > > r
.

E. =

�1�

I

42% #- ¥5 }

Use
approximation

: ( Hxjs → Hyx , if 1×1 < < 1
.

Ea=¥E¥l ' - Ef - CHITTY

= Ford,

•

otptfrl"

Field
"

Generated by dipole .

Macroscopic point of view

ftp.N.fr
'

)

More detailed calculation shows ,

mmk
density

p→= N . IF
'

; Check Unit : N . fr→=
Lt

.
E. Life]

Correct
.



F = n . g. r→

PI = ( Er - 1) E
'

;
Zn linear

regime ,

F a E
.

What would nonlinear P→ looks like ?

Go back to a classical
picture

:

a
charge in potential well

.

'
'

.

'

yawVcx ) =  t kx 't 13

&k×?t
... ... ; &< < 1

Workflow : system driven
by

E
'

,

Calculation motion of the charge
r EE )

then obtain pii .

Force : F  

= - old =  
- kx .

&x
'

dt

Because this is a
very small motion

,
4×1> a X

,
so

Ex
,

t ) = Eat = FEI Eiwittcic '

ya;r drag
"

,
mini = - kx - &×

'

+ 9- E - 8d¥y damping : viscous force in

harmonic oscillator
.

mi +8 it

kxtdx
'

= 9th )
.



Let

to
, approach linear

regime
:

X t mki +

kmx
= q E. eiiat ;

Notice : wo=f±
.Th

Solution : X = X. its Eiwit ; Steady state Xit ) → X
,

⇒ - wixi -

iwmtl Xi two X =

IEYM
X

,
=

95¥
( we - wi ) -

IWHM
,

→p→ = < N > . g. r = < N > . 1. x ,
=

<N>.£Ym_
. z

( wo
'

. WD -

itwim

If 8=0
,

then

p→=aXE
'

,
X is real number

.

840
,

then
imaginary

number
,

what does it mean ?
"

Absorptifg
"

=

'

gene , gEtp→ = qatx )E
'

;
Er = HX

.

= NNFIX
;

8=10 means
imaginary part of n is not zero

.

Take a plane wave as example : Ecz ) = Eetwtti ↳
;

K = 22£ = 22Nredtyhimm_ ;
€ ( z ) = Eeiwttikreaz . e- 2Mt Z

.

←s
.



Another observation that doesn't make much sense at the

first look : let 8 → o
,

then if W
, > wo

,

X< o ;
 → n< 1

,
Cr =

En > C

faster than
speed of light ?

The
speed

here
,

is called phasevelocity
.

Another speed ,
is

group velocity
( envelope velocity )

n< I means : phase is
moving forward faster than light ,

but as long as the
enwlope

is not
,

no informationenergy
is transmitted faster

than light

tycoon¥
a

cr > C
, fine .

This the classical model of Linear Optics .



Nonlinear Polarization :

MX
"

+ tx + Kxt

#
=

9- Eu )

NoticeLKXY's perturbation
to the efuatim ,

such that :&kx2< < kx
. ; deal

Perturbation Method
. ; Talyor Expand xai

,

XH ) = x. Eiwittdxeiwitttixseiwitt
. ...

plug back to efuatim :

(Mddlzt8datl4@iEiwittdx.e
"

Witt
. . ... )

+ dkxietiwittjikxietiwit
.

...

= f Eeiiw 't

,

Collect terms based on the order of L .

N : Moat.tdd ,
+kjxieiwit = fteimt ;

( , )

Solution is the same as L=o ( shown
previously )

&
'

:X(mddtzttddtk) X. Eiwit =
- dkxietiwit

;
( z )

l  ✓
- - -

-
-

l
- -

.  - .  < . .  -

Solution : X , =EEYm_
( WEWI ) - iwmI



Equation 2
'

is identical form of d°
,

but

EEEIW 't

replaced by
- kxietiw 't

⇒ Xz = KXYM
( Find

,

and Wi = zw ,

Interesting to plug in Xi

'
' wit

= kqyms . Th etiw 't

xrttkxie
www.wm#Fuwil2iwImw(E,eiutj

; P = an > .

9- ×

p= ftp.t . ...

is XE.tt) t XMETT) t
. ...

...

This make sense
,

because if we can taylor expand
X. to

LX
,

DX
,

DX
... . .

We should also be able to Tylor Expand Ptt ) ,

to E
,

It
,

E
... ...

As long as X
" 'E ⇒ XME 's > X " 'E3 ⇒

...
...



So definition ( Tylor expansion)

p→ = e ;X¥+ eoxa 'EE
'

+ eox
" ' EEE 't

.

. ...

→ -

Rn →

PM
.

General Framework of Light and matter interaction
in

perturbation regime
:

zjziky.si#Eiwjttil8ttc.c

.

= µ5p#
ZZ ztt

PI =

55¥
EE

'

+ EE ' " .EE'E 't
.

.
.  . .

This is true for all materials in
perturbation regime ,

Different materials will have different nonlinear coefficient .

Notice Pm is a vector ,
but EEJ is a number

,

so we are defining A in a special mathematical
way :

# is a tensor
.

# ' "
is a rank - three tensor

,

everytime a tensor multiply with a vector
,

its rank reduce one
.

And rank - 1 tensor is a vector ;
rank

. 2 tensor is

a matrix
.

:-# M is ( nti ) - rank tensor
,

and

IP MEE '
.  .

E '
is a near .

-

n



A quick example : for linear polarization , we have

PI

=Fx→'
' '

- E
'

;
TP is rank . z tensor

,
so it can be

represented as a matrix
.

for most of the material
,

we can write :

*⇐e.indeed
for isotropic material

, Xx = Xy = Xz ;
# reduce to

X. ¥
'

= X. a number times
identity

matrix
.

However
, for anisotropic material

,
such as Crystal ,

Xx
, Xy , Xz can be

different .

This is the mathematical
way of describing

"

ref ration index '

dependence on the orientation
.

Example : Birefringence effect .



A quick peek of nonlinear phenomena .

zzikj 5t¥ . Eiwjttikjt + c. c
.

 = notepad

pIi=Ex→"

' EE
'

+ a # " ' EEE 't
. ...

I
. Fguenoy doubling

and
tripling ...

...

Neglect the tensor complication first .

If we have
input of E. Eiwottikt + c. c

.

In par ,
we have ( Eoeiiwottikottc

.
c

. -1 . . ...
5

= zg e-
ziwottukot

+ c. C .  t .
. .  .

. .
.  

.

.

A
dipole # oscillating

at 2W .
,

with wave vector of zko
.

so an electrical field at this
pregnancy can be generated .

Similarly ,
E "

term
gives you

3wo  .

Common application : Get laser wavelength to the
regime

where laser
generation is either

technical
challenging

or commercially challenging .

1. 06µm Is 532mm
,

Green laser pointer

Near inferred pulse laser To UV laser
.



2
. Swy Difference frequency :

Input : E ,
Eiuttik 't

+ E. Eiwrttikttac
.

PIT a ( Eie
"

the
"

+ c. c. T

Contain terms : E ,z ,
@icwHw4ttickHkHtc.c.tE.Ef@ilwrwdttilkrk1zyc.c

.

witwz :
Sum fngueny generation

.

wi - Wi : Difference fefaeny generation .

* Special case inswnydiffaenufgueny generation
.

We → o
,

Ez is a static electrical field .

PIT : XIE.
. Eieiuttik 't

+ c. c.

a number .

Let's
compare

with the linear polarization :

PIP : Xc 's
. E. eiuttikttce

.

And we know : D→=Eo¥tp→ = GCHX ' " )E
'

= GEREIENE
'

.

:
.

N= HX
" '



Now p→= Fin + PI = so ( x
' ' '

+ XME
. ) ¥

i. Er = It X " 't X
" Te = re

.

The electrical field can
vary refraction index !

This is the foundation of electro -

optics
modulator

.

nt µ .

.

ftp.#Efkt=eiMk*: phase of the
output light

µ depends on the electrical field .

E
,

A slight change
in

nttt
can leads to a large phase change .

for example , ifNH- n = 0.001
, D= 1µm ; L = 1mm

.

then we have of =Knatt- and = align = 22×1 oooxoool

= 22
.

0.1% percent change in refraction index → 2h phase change .

In EO - phase modulator
,

a critical parameter is :

¥
the Voltage

CEtregained
to make a 2. phase change .

E # Va
. ; Currently ,

the
leading company

in this
competition

l= is EO
space

in Washinton State
,

Va < 3V ; You can change
the phase with

"

battery
"



phase modulator / Intensity modulator is the most common

method to convert information between
optics and electronics

.

Widely used in telecommunication
.

3
. Third . order nonlinearity .

3.1 # a ¥3
z→= f. Eiwittikatzueiwuttikttzseiwsttikztc

.
c

.

Again ,
we will have sumfngwmy and harmonic

generation ,

so we are not
going

to
repeat

here
.

Four . wave mixing effect .

€3 = ( + .  .
.

 t
. . . ) ( +

. . .

t
. . .

) ( t
. .  .

t
.

. . )

= Fmn Ec . EmEn* eilwhwniwnltticktkn
. knlz

+ C . C .

Notice
, if Wu ,

wm
,

wn are close in fefueng ,

frequency ( wutwm - wn ) will also be
way

close with them .

This
process correspond

to a two -

photn to two -

photon

Wl wn Process ,
and we will

hxM discuss this in detail
.

WmMhd@utwm.wn
) .

Elastic photon scattering



3.2 Special case : Now
,

we can write down

E as : E  

= Et t c. C
.

where Et is Tg Ejeiwjttikjt ; EF =yFEj*etiYt'
'

bit
;

So : E
'

= ( E ,
+ EFP

it contains a term :

= Et . EE
'

. Et = IEtpE+ t c- c
.

This is
again very interesting

:

PIT has a term : EX
" '

IEH
'

Et
.

=

PI
'

And from previous derivation
,

we know :

→ →D→t=EoErE¥EoE?tP→=so ( HX
" 'tX" '

IEH
'

) Et = ENE
,

So : n=JHX'4X"lE# JNITXMIET
where no is the original refraction index

,

We work in the
regime

where X
" '

ttt l

'

< < ni ;

so : he no ( It X"'h÷tt
'

)
"

a no ( It II # l
' )

So refraction index is proportional
6 the field

'

of light .

From EM - field class
, we know : I Etta I

,

I is the
intensity of light . unit : W/mi



So we Can write N = Not nil ;

This is called Kerr effect .

Refraction index increaseswiththe intensity of light .

Notice Kerr effect use term IEH 'Et
,

Italready includesterms in Four . wave
mixing .

Ln later
chapter

we can show how to

convert them from one to another
.

Ken affect is
widely used in fetmo second laser

generation
,

and we will talk about this in later c .

yy#¥
Eeiiwtt '

' ↳
= zeiwttiuyta

= E Eiwttisktt . @
innate

d

phase change .

So Kerr
effect can induce a phenomena called :

"

Self . phase modulation "

kemtftindndesgstmgrlwpamammfintuatm

Cross
.

phase modulation



3.3
.

In 3.2
, we actual assume X

" )
is real ,

so that n is also real
.

Now what happen if X 's is a
complex

number ?

Then ni → n'
, complex number

.

N= not n 'T
.

= not

ReCN5Lti2mCNlI.pz@iwttik2.zeiwttMTT7.zeiwtti2H2exIIz.e-IYl.z.z

t

loss or

gain .

If Zmcn '

) < o.EE
"

A with Z
,

the light
is

gaining energy . ; who,
loss

energy

But where does the
energy

comes from ?

where does the
energy go

?

This is a
regime of inelastic

scanning ,

where the total
energy

in light will
change .

There are two common
process

:



a
.

Raman scattering
'

Como
0 tw

' "

Omronkw Its + } → not100 0

CO
,

molecule Oscillating molecule
.

Give
energy

to molecule vibration state .

The reverse
process gain energy from molecule

.

b
.

Brillion
scattering

light o o o o
.

.

°  °kw wins + oo oo → hid
> + °o°

.
. .

° .

0 0 0 0

o o
-  '

0 0

o 0 0 0
o o - . o 0

solid Vibrating solid
.

Give
energy

to phonon in the material
,

"

Phm
"

Reverse :

gain . .  .

. .
.  .

.  .
.

 
-

- .  .

.


