
Week 4
.

A critical
step forward is

accomplished by
: De Broglie

"

Anything can be a wave
"

in 1924.

What are the things that have discrete solutions?
Best example is wave with boundary condition

N . A -

- L
.

k¥-44 "

Wave + boundy condition
"

✓ Gives discrete solution
.

L
.

Be Broglie is kind of an
" outsider " for physics,

he had a B. A
. for history in 1910 .

Science in 1913 .

.

. . PhD .

. .
.

in 1924 .

And the wavelength can be written as : C for light)

Ak =

p i momentum
.

k=¥ ;
: t = ha =p ; X '

-

hp

wave

g
energy

is :
to

:

photon → All particle

quanta C Einstein ) ( De Broglie )
momentum is :

-hk



And if electron satisfied

,

Periodic boundary condita ,

And
put it with classical model

, you getthe correct spectrum .

Debye made an
important

remark to his "

post
. doc "

Schrodinger when reading De Broglie 's

paper
:

"

If particlesbehave likewaves
, they must satisfy

a wave efnatim
"

.

See how this can work
.

In classical
physics , parallel to f -

- ma
, are

Lagrangian and Hamiltonian mechanism
.

Simply put : kinetic
energy

and potential energy
gives the fun dynamics of the

system
.

It's efuivibnt to f -

-

ma
.

H -

- Tt V
,

describe the
system



Wave .

. e-
'

'

wt
; what is its energy

?

Hw
,

what is H ? Energy .

it agfeiiwt =
Aw e-

 iwt

I

it # hp → E. ly >

ditzy> = H 14 >

This is the
Schrodinger Ignatian .

-

-0
r

For example ,
to solve

Hydrogen
Atm :

,
a

H -

-  Imo
'

- ¥4 'T
'

Ot )
for wave

,
we like momentum

,
instead of ✓

speed ,

so :

H -

- ¥ - e÷aTi
.

what is
p

? Cit "

is wave momentum
part ,

Kk =p ,

so :  - ihz×eik×=hkeikx= peikx



So a reasonable
guess

is :

p
-

-

- if

Now : H -

-

-

him O
'

- fagot ;

Hy
-

- iffy

Y ( O ) = 410-122 )

And the solution set : Yn = 4h C x. ya ) e-
 '

'

Wnt

gives Wn is et
ni

So emission : w -

- Wn - Wm → (the - ⇒
perfect .

A few more remark :

Y is probability wave
,

so : fy*ydr→= I

Eigen wave : Hyn = Enya

To calculate a quantity : CE ) = fy*Hydr→
= 411-1147 .

And y = 9,4 ,
t Ayat . . . .

=3 Any n ; where HYn=EnYn .



Orthogonal : fyiyndx = 8mm
.

Completeness .

The entire set of eigenstates c or eigenvector )

forms a complete vector
space for H

.

Any yet ) that is the solution to

Hy it ) = i Zt Yet )

can be written as : yet ) = In Ault ) Yhlt )

& Dirac notation : y → 147 ; 4* → 541

when left -bracket x right bracket :

C 4147 = ftp.y.dx C inner
product ) .

i.
Expected energy : C 't > = CYIH 143 .

Interestingly ,
I : unit vector

,
can be written as :

I = I 14ns Cyril ; where this eigenstate of H
.

prove : I ly > = I . Imam 14ms = Talk > ah I am . 14ms
to

= zanily ) . Sm
,

n
= E.am lyin >

a
147

.

I

n=m
,

non - Zero .



* Orthogonal proof

Eigenfunction means to an
operator

At
Hermite operator )

A. yn = an .

Yn ,
where an is a number

.

If an ¥ am
,

we can try calculate
.

CydAlys = amcynhfm >

or

<

Yn
IA 14ms = c Atynlym ) = a Ayn 14ms

→ Hermitian

= An syn 14ms

i
. cynl A 14ms -

- amahl Ym ) = an cynlym >
'  i an -4 am

,
:

. cynlym > = o
.

When an = am
,

it's degenerate .

then y
'

= Gynt Gym is still eigenfunctionwith eigenvalue

Ay '
= GAYn

t GA Ym = Anim , (Gynt Gym )
an (a)

So we can always find a combination
,

where :

Yt - Gynt Ciym ; 4- -

- C
- Yat C-

'

ym

Such that SyFy
.

dx = o
.



"

Side note
"

Check of De Broglie approach
to Hydrogen Atom

.

-
-

,

n
. A = 22 - r

.

I
,

I
⑦

to

Etr= MRI ( J
De Broglie wave assumption

:

Ak -

- p
-

- mo ;
hi .

= mo = I
d- -

= ha ;
mo -

- n;÷ = nite

This is consistent with Neil Bohr 's model ,
where

angular momentum is assumed to be faantired .

Mor = nhi
.

And as we have : finger-

-
mo

'

⇒ r=ue÷mr
⇒ mor -

- mv = Iaf =
nt ⇒ a ,÷ . 's

.428 m.lt

Icr ) =
 Faq f + Imo

'

= - a' ma
'

= -
Me

't
I

- .

 -

322282k'

nu



So the
energy difference between each state is :

° Em
,

na = Me 4

⇒F Ki - ⇒ u ¥⇒
.

Correct .



Let 's approach our two level
system .

- 12 ) H = Ho - f. I. Ects

Ear wt d d
potential energy

in E field .

in > energy of

-

I , >
non -

perturbed atom
similar A

graving

And
previously we already know : fix ,

or f. F is dipole .

let : fix -

- ri
.

: .
H '

- Ho - it it )

We take it It ) relatively small
compared

to Ho
,

so that
the

eigenstate
is still In

,
127 ; the

eigenfgueny is

I
,

and Er
.

How what is Ho ? Ho could be complicated .

The simplest case is hydrogen atom
, HEfan - u÷r

.

However
,

this form of Ho is not
helpful .

We want to solve Yet ) = act ) 4 ,
t bet ) Yr

^
alt ) and but ) in ;

we don't
really care the actual form of 4. er )

, Yuen



So we fully make use of 117
,

12 ) ;

we have
:

Hot D = I ,
I I ) ; eigenstate :

Ho 12 ) .

- Er 12 > i

And Ho ( all ) t b 12 ) ) = AE , I 1) t beak ) ;

If there's an algebra form of Ho that can maintain

these relations above
,

it is a valid
representation of Ho

.

Ho = E
,

It ) at t Tell > at

Verify :
Hol D= Ei 1134 !!

> t Erhu !' >

- O

= Zill )

Hoh ) =  
- .

.  = Ey 23 ;

Linear combination : Ho ( all > tbh ) ) = AE , list berth
;

So : H -

- I , 11341 t Er 12h21 - ii. Ect )
= E , 11741 t Ermey - ji . E

'

. coswt .

We want to solve : lych ) = out ) list bits 12 ) ;

from i # Htt ) ) = H IYAD .

Since we know 411 ) = C 42 ) = I ; Cllr ) = 52117=0 .

If we can
express ii. E' aswt as 117

,
123 term

,

then we have
very high chance to solve it

.



A standard procedure to project an

operator CH ) to

a vector set ( 117
,

123 )
.

We start with Ho as an example :

Ho = I HOI = ZmnlmkmlHo In > Chl .

t

unit vector

In our case :  = ( 11h11 t 12h21 ) Ho ( IDC I I t 12h21 )

= ( 1174/-1 12h21 ) ( I ,
117cL It Zal 2341 )

= Zi 11741 t Zz
11341,2×4

t Zi
125441741

1- 12h21 Ethel

= E , 11741 t Er 12h21
.

Similarly ,
we can do : ii. Earshot

III. E I ; E
'

is a vector
,

not an
operator, so doesn't matter .

LIE
'

-

- ( Ii > alt Inch ) II. E ( 11741 they )

= 11751115117 It alt 1174115127 at
t 12301251 I > E' 41 t 127412512 ) E' Cy



Now ,
we know the atoms have spherical symmetry

So Yih
'
) ; Yuli

'
) are

symmetry
to to center :

Ot I

Cyril is = fy.ci#x'y.cx7dx' → o .

(2/512)=0

:
. f

IET#
11541 III 2) E' at t lucy ex

'

tis E' at

Let's define : 4125125 =

MT
. ; at EI Il )

IMI
,

→ →

Mn -

- Mix

This dipole is a
properly of that atom

,
not related to

external field .

Mn
-

- I . fyitx's . I
'

. yes
'

) dx
;

:
.

IIEH , =

iii.
Ecoswt . I Dey TMT, Ears wt Mal

:
. H .

- Ho - EEE
'

aswt

= Ei 11741 t Ermey - liitaswt they tri Easwt may

One
way

to write this Hamiltonian is through
matrix : the label 1,2 .

is the same as

column and row ; Also the multiplication rules are the

same
.



H -

-

(
E

,
- iii. E' cont

vii. E' aswt
,

Ea )
Accordingly ; IYAD = all ) t biz > = ( § )

Verify that Hlycts ) equals to the same when

doing
matrix and algebra .

Now solution
:

We know Hhflt ) > = it # Hots >

For eigenstate ,

we have
:

HII ) -

- E. ID ;
The

only way
to match Schrager 'LL .

is that :

- it ith
, , >4. Hse

:
. Hyatt = H.EE#Hlis=EiZi4t.z ,

, , > ,

ik If 4. it ) =i-hfze.it/tliy=EiEiEi4t .
I , >

:
. Hyatt ) = ihzty.lt )

.

Same for Yeti = e-
it Ya In .



So our solution would be .

yet , = acts e-
'

'

Z' thin ) + bet , e-
it Yt

he ,

H yet ) = it # yet ) i

H -

- E , that t Elbert - Iii Ears wt they -Mii aswtlzscy

plugin :

HIYAD= E , e-
'

'

⇐ Yt
acts In yet,

aswt.fi
tht

out , my

+ Ere
' ' 4k bit ) ID E' as wt . e-

 i It buy ID

=
it If yet ) = Iie

' that ) Htihe-i.tt/h- act , I , >

+ Ere Yt bets h ) t it @
i A bit ) 12 >

Cancel terms
,

we get
:

- ATE
'

count e.
 i A but ) ID - Mii I

aswte-i.tt/h-aets1zy=iheiZttHciLtIlhtihEittYh-blt
) 12 )

Apply all to the agnation , we get
:

act ) = infant e-
 it ' ' the bit ,

bitt) = inII aswt e-
it Et " Yt

out )



Let : It - Ei -

- tr
; we have :

alts=inihaswtEirtb|"bcts=inaswteirtay
To further continue the calculation

,
we can expand

:

cos wt  
= eiwtteiwt

-

~

⇒
i

act ) = imih ( eilw
- r 't

+ e-
 intent

)

but
,

bit ) = in ( eilwtrst ,
w - Mt

) act ,
.

The

Rotation wave

approximation
:

If we write out ) in integration form :

out = iih feticw
- r "

bet , + feints
't bots

.

In
optics

domain
,

w - A n GHz C linewidth of resonance )
Wt A → loos THz c light fefaeng )

So e-
 i wth 't

is much much faster than et
" " - a 't



So when we consider act ) at the time scale of
t n ⇒ ,

we can take the much faster eicwtnst

to its
average

value
. feiwtmtbctsdt  

= bye, feiwtmtdt  → o
.

assume much

slower than eilwtrst

so:'act)=inzeiw-mtbbltI=inIeiw-mta€
Further tip on Rotation wave

approximation
:

In full quantum picture ,
we can get

e-
it wth 't

correspond
to a

process where a photon is aborted,

and atom moves from 127 → In
.

It violates
energy

conservation
.

Definition : Let w - A = Sw
,

is detaining .

Assume the simplest case
,

Mii is real
. Sofia i

And : dr=MIf :
Rabi Fregeng .

describe the coupling strength
between ID and 12 )



:
. Oct) = if bet , e-

 idwt

b Lt ) = irraetseitwt

Again , further simplify by assuming
Jw -

- o ⇒ w -

- R
.

On resonance condition :

ciltk in bot )

{
bit , -

. infant
This is standard oscillation efuatim ,

as

art ) convert to butt
,

and but ) convert back to out )

Take derivative of time on acts efuatim
:

tilts = if bits -

- ihr ( infront ) =
- did any

⇒ tilts the out ) -0

Universal solution : Att ) -

- C , as ( Eit ) t Gsinfrnt)
As '

act ) -

- ihr bots
,

but = -zig xezr fastest) - Gsinfhft)
=

- i ( Gasket  - C
, sinner)



Initial condition : at t -

- o
,

atom in
ground state

.

So :  Alo ) = I ; bio ) -

- o ;

b C O ) -

- o → Ceo ;

Aw ) -

- I → C ,
= I ;

i
. acts = cos ( Et ) ; bit ) -

- is infant)
:

. yet ) -

- outset
it  'The

list bots e-
i ⇐ 4th ,

= e-
 ' Yt ( out , , , > + bit ) E intf in )

.

Probability in ID is : fatty
'

puts = lentil
'

= cosYdrzt) =
 all Hasrat )

puts = I both
'

= Siri ( Ent) =  f- l I - arent )

Emission
.

-  

I
- -

.

""

t

Absorption


